
2022 Georgia Tech High School Mathematics Competition
Proof Test

1. Find the maximum area of a triangle inscribed in a circle of radius 1. Justify all
of your assertions.

Solution: We first claim that the triangle must be isosceles. Given any
triangle ∆ABC, fix an edge BC. Then, the area of ∆ABC is maximal when
the height from the edge BC to the vertex A is maximal. It implies that
∆ABC must be a triangle with equal segments AB and AC.

Now, assume that ∆ABC is an isosceles with AB = AC = a. Also, let x
be the distance between the center of circle and the segment BC and b be
the length of the segment BC. By Pythagoras theorem, we have b2

4
+ x2 =

1 ⇐⇒ b = 2
√
1− x2. The area is 1

2
b(x + 1), and so we need to find the

maximum of
√
1− x2(x + 1) (for 0 ≤ x ≤ 1). Note that it is equivalent to

find the maximum of (
√
1− x2(x+1))2 = (1−x2)(x+1)2 for 0 ≤ x ≤ 1. Let

f(x) = (1− x2)(x+ 1)2 for 0 ≤ x ≤ 1. Then, f ′(x) = (−2x)(x+ 1)2 + 2(1−
x2)(x + 1) = −2(x + 1)2(2x − 1) = 0 ⇐⇒ x = 1

2
if 0 ≤ x ≤ 1. Therefore,√

1− 1
2

2
(1
2
+ 1) = 3

√
3

4
is the maximum of area of the triangle inscribed in

the unit circle.

Problem authors: Trevor Gunn, Tong Jin, Jaewoo Jung, Evgeniia Korchevskaia



2. Suppose Jay rents a car from a rental branch at A, stops by a city at P , and
returns the car at another branch B to visit his parents. The fee is 160 + 0.6α
dollars, where α(mi) is the total travel distance. Suppose his budget for this
travel is $280 and the distance between branches A and B is 100 miles. Find the
area of the region of the cities that he could reach during this trip.

Solution: The total distance he can travel is AP + BP . He can travel
280−160

0.6
= 200(mi) in total, and so points P such that AP + BP = 200 are

boundary points of the (closed) region of travels. Recall that the collection
of points such that the sum of distances between the point and the focuses
is the ellipse. So, the region is enclosed by an ellipse, and we need to find
the area of the ellipse. Let A be the point at (−50, 0) and B be the point
at (50, 0). Then, the equation of the ellipse is x2

1002
+ y2

3·502 = 1. Recall that
the area of ellipse defined by x2

a2
+ y2

b2
= 1 is πab. Therefore, the area of the

ellipse is π · 100 · (50
√
3) = 5000

√
3π.



3. Consider the following game played on a square. The game starts with a square
and four nonnegative integers placed at the vertices of the square. The first
step of the game is the construction of a new numbered square by taking as its
vertices the midpoints of the sides of the starting square. The number placed at
each midpoint is the absolute value of the difference of the two numbers at the
adjacent vertices. A new numbered square is formed by joining the midpoints
of the starting square. Each step of the game continues the process of forming
one numbered square inside another following the same rule. The game ends if a
square numbered by four 0’s is obtained. For example, the following game ended
in four steps.

Using the following two facts (You don’t have to prove those facts!), prove that
every such game ends in finite steps. More precisely, if A is the largest of the
four staring numbers and k is the least nonnegative integer such that A/2k < 1
then the game ends in at most 4k steps.

Fact 1: Multiplication of the four starting numbers by a positive integer m does
not change the number of steps needed in the game.

Fact 2: For all starting square, all numbers appearing from step 4 onward are
even.

Solution: If A = 0, then A < 1 = 20 so k = 0. In this case no steps are
needed and we are good.

We’ll use induction. Define “length” to be the number of steps to first obtain
four zero’s in a game. Let A > 0, and let k be the least nonnegative integer
such that A/2k < 1. Then k ⩾ 1 and 4 ⩽ 4k. By Fact 2, if the length of the
game is greater than 4, then all numbers in step 4 are even. Consider this as
a new game. By Fact 1, dividing all those four numbers by 2 will not change



the length of the new game. Since now the largest number is no greater than
A/2, the new game ends in at most 4(k− 1) steps, and therefore the original
game ends in at most 4 + 4(k − 1) = 4k steps.



4. Let
⌢

BC be an arc of the circumcircle (circumscribed circle) of an equilateral
triangle △ABC. Let M be some point on

⌢

BC. Let K be the intersection of the
segments AM and BC. Prove that

1

|MK|
=

1

|MB|
+

1

|MC|
,

where |MK|, |MB|, |MC| are the lengths of the segments MK,MB,MC, re-
spectively.

Solution: Extend MB through B and let D be a point on this ray so that
|MD| = |CD|. Inscribed angles ∠ABC and ∠AMC are equal as they are
subtended by the same arc

⌢

AC. Similarly, angles ∠AMB and ∠ACB are
equal. We now have ∠CMD = 180◦−∠AMB−∠AMC = 180◦−60◦−60◦ =
60◦. It follows that the isosceles triangle △CMD is in fact equilateral. Next,
∠AMD + ∠MDC = 180◦ implies that MK and CD are parallel. From the
similarity of △BMK and △BDC we get

|DC|
|MK|

=
|DB|
|MB|

.

Using the facts |DC| = |MC| and |DB| = |MB| + |MD| = |MB| + |MC|,
we get

|MC|
|MK|

=
|MB|+ |MC|

|MB|
= 1 +

|MC|
|MB|



Dividing by |MC|, we get the result.



5. Consider a probabilistic experiment consisting of flipping a fair coin again and
again until two heads appear consecutively. Find the expected length of this
experiment—the total number of flips, including the two heads that appear at
the end. Recall that the average or expected value is the infinite sum

∞∑
n=0

#number of experiments of length n

#all coin flip sequences of length n
.

Solution: The answer is 6.

Solution 1: Let E denote the expectation. We can compute E conditioned
on the first couple coin flips. Let E[XY Z] denote the expectation given that
the first couple coinflips are XY Z. Then

E =
1

4
E[HH] +

1

4
E[HT ] +

1

2
E[T ]

=
1

4
(2) +

1

4
(E + 2) +

1

2
(E + 1)

and it follows that E = 6.

Solution 2:

Consider an infinite sequence of coin flips and break that up at the end of
every “HH” in the sequence. E.g. if we observe “HHTHTHTHTTTTTHH-
HTHTHH...” then we would break this up as “HH”, “THTHTHTTTTTHH”,
“HTHTHH”, etc.

The average length is the reciprocal of the relative density. For instance, if
we are looking for sequences ending in “HT” the relative density is 1/4 since
each pair of letters can be any of four options: “HH”, “HT”, “TH” and “TT”.

On the other hand, for “HH” there is some overlap. So the three heads in
“THHHT” would only mark the end of one sequence and not two. Therefore
we need to use inclusion-exclusion. There is a relative density of 1/4 for “HH”
not worrying about overlaps, then a density of 1/8 for “HHH” then 1/16 for
“HHHH”. So the overall relative density paying attention to overlaps is



1

4
− 1

8
+

1

16
− 1

32
+ · · · = 1

4

∞∑
k=0

(−1)k

2k
=

1

4
· 1

1 + 1
2

=
1

6

using the formula for a geometric series.

It follows that the expected length is 6.



6. (Tiebreaker) Consider the set of numbers of the form z = a+b
√
5

c
with a, b, c

integers. Let z̄ = a−b
√
5

c
be the conjugate of z. Suppose z is a reduced fraction,

meaning there is no factor of c, other than 1, which is a common factor of
both a and b. In this case, determine for which values of a, b, c the polynomial
f(x) = (x− z)(x− z̄) has integer coefficients (after expanding).

Background information just for your information: any polynomial g(x)
with rational coefficients which has z as a root, also has the conjugate z̄ as a
root. Which means g(x) is divisible by f(x). Because of this, we call f(x) the
minimal polynomial of z over Q (rational coefficients).

If f(x) has integer coefficients and the leading coefficient is 1 (as is the case
above), then the infinite set of all polynomials in z, e.g. z, z2, z3, z5 + 2z + 1, . . .
will have a common denominator. E.g. if z = 3

2
then z2 = 9

4
, z3 = 27

8
, . . . and

there is no common denominator because the denominator gets larger and larger.
If z = 3, then there is a common denominator of 1. The number 3

2
is a root of

3x − 2 or of x − 3
2

the first has integer coefficients but the leading coefficient is
3, the second does not have integer coefficients. The number 3 is a root of x− 3
which fulfils both requirements.

In fact, if z is a rational number then z is a root of a polynomial with integer
coefficients and leading coefficient 1 exactly when z is an integer and exactly
when the denominator of z, z2, z3, . . . does not grow larger and larger. The
numbers you are analyzing above are called “algebraic integers” because they are
the analogue of the set of integers among all numbers of the form p+ q

√
5 with

p, q being rational numbers.

Solution: If we write f(x) = x2 − Ax+B then we have the formulae

A = z + z̄ =
2a

c
; B = zz̄ =

a2 − 5b2

c2
.

We will use the notation x | y or x ∤ y to mean “x divides y” or “x does not
divide y” respectively.

First, let us check what happens when c | a (we will deal with the full case
c | 2a later). In this case, c2 | a2 − 5b2 implies that c2 | 5b2 (since c2 | a2).
Recall now that the hypothesis is that c cannot divide both a and b (unless
c = 1), so here it must be that c | 5.



Of course, if c = 1, then obviously A and B are integers. So let us check
what happens when c = 5. If c = 5 then a is a multiple of 5, say a = 5a′.
Now we have c2 = 25 | 25(a′)2 − 5b2 so 5 | 5(a′)2 − b2 so 5 | b2. But this is
impossible because now both a and b are divisible by 5.

Ok, so now let’s look at c | 2a and c ∤ a (since we dealt with that already).
In this case, c has to be even, say c = 2nc′. We will pause for a second and
consider the quantity

2nz =
a+ b

√
5

c′
.

This is also going to have a minimal polynomial with integer coefficients. But
since we removed all the 2’s from c, we have c′ ∤ 2 so c′ | a. By the first case,
c′ = 1.

Therefore, we are left at just c = 2n for some n ≥ 1. We also know that a
and b are both odd or else we can divide a, b, c all by 2. Finally, we have
22n | a2 − 5b2.

First, suppose n = 1. We consider the quantity a2 − 5b2 mod 4. By some
case analysis, we see that a2 ≡ 1 (mod 4) and −5b2 ≡ 3 (mod 4). So if a
and b are odd, then a2 − 5b2 is always divisible by 4. So here, the minimal
polynomial always has integer coefficients.

We claim that we can’t have 16 | a2 − 5b2 if a and b are odd. By the same
process, we have a2 mod 16 ∈ {1, 9} and −5b2 mod 16 ∈ {3, 11} and it is
impossible to get a2 − 5b2 ≡ 0 (mod 16). Ruling out n = 2 also rules out
n = 3, 4, . . . and leaves n = 1 as the only possibility.

In summary, there are two cases: either c = 1 or c = 2 and a and b are both
odd.

End of exam.


